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Abstract 

In this paper we show that Gahlean group is a matrix Lie group and 
find its structure. Then provide the invariants of special Galilean geom- 
etry of motions, by Olver's method of moving coframes, we also find the 
corresponding {e}— structure. 
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1 Introduction: 

The method of moving coframes is one of the cornerstones of our investi- 
gations for finding the invariants of the equivalence problem which is done 
in [1] and [2]. Let us summarize the basic method of moving coframes. 
The basic steps are: 

(i) Determine the moving frame of order zero, by choosing a base point 
and solving for Galilean group action. 

(ii) Determine the invariant forms in this case (the finite dimensional), 
they are the Maurer-Cartan forms, which computed by direct use of 
the transformation group formulae but not the matrix approach. 

(iii) Use the invariant lift to pull-back the invariant forms, leading to the 
moving coframe of order zero. 



(iv: 



(v 



(vi 



Determine the lifted invariants by finding the linear dependencies 
among the restricted to horizontal components of the moving coframe 
forms. 

Normalize any group-dependent invariants to convenient constant 
values by solving for some of the unspecified parameters. 

Successively eliminate parameters by substituting the normalization 
formulae into the moving coframe and recomputing dependencies. 
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(vii) After the parameters have all been normalized, the differential in- 
variants will appear through any remaining dependencies among the 
final moving coframe elements. The Invariant differential operators 
are found as the dual differential operators to a basis for the invariant 
coframe forms. 

At first we define some basic prerequisite from Galilean group. Explana- 
tory details are found in [3] , [4]. 



Definition 1. The Galilean group is defined as 



Gal(3) = 



1 s 
^ R y 



seIR,y,v€R^ JiGO(3) 



1 

with a natural closed Lie subgroup structure of GL(5; 
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This is a 10— dimensional Lie group. The special Galilean group is defined 
as connected component of e in Gal(3) and denoted by SGal(3). 



Definition 2. Let we identify the by 
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with the natural 4— manifold structure. Then, we can define naturally the 
smooth action of Gal(3) on as 
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By elementary algebraic computations, we find the structure of special 
Galilean group, 
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Theorem 1. Let 



Gi 



1 
V R 
1 



v€K^i^€0(3)| <GL(4;] 
be the group of uniformly special Galilean motions, 



G2 = 



10s 
h y 
1 



s e . 



ye 



be the group of shifts of origin, 
Ga = 



1 
R 
1 



e SO(3) } ^ S0(3) 



be the group of rotations of reference frame, and 



Ga = 



1 
V h 
1 



V e 



>+) 



be the group of uniformly frame motions. Then, G2 <SGa\{3), SGal(3) = 
Gi oc G2, G4 < Gi, Gi ^ Gs oc Gi, and SGal(3) ^ (S0(3) oc R^) oc M*. 

In the following theorem, we explain the algebraic structure of the 
infinitesimal group action <Sal{3) induced by the action SGal(3) on M.^, 

Theorem 2. The Lie algebra of infinitesimal group action ©o[(3) = 
Spang{Xi, ■ • • ,Xio} induced by the action SGal(3) on M*, has infinitesi- 
mal generators: 



X2 


= dx, 


Xs 


= tdx, 


X3 


= dy, 


Xq 


= tdy, 


X4 


= d,, 




= td„ 
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with the following structure: 
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2 Computation of Maurer-Cartan forms 

Definition 3. By multiplying 3 rotations 



cos ^3 sin 63 
— sin Qs cos ^3 
1 



cos Q2 sin Q2 

1 
— sin 02 cos Q2 



respectively about a;, y and «— axis, we define 



1 
COS Q\ sin Q\ 
— sin d\ cos Q\ 



R 



- cos 02 sin 83 



^in 9i sin ^2 ^^^^^ ^3 
3 03 + siiifl »"i 92 sin 6)3 



nn 9i sin 63 + cos 0^ sin ^2 cos O3 



which is an arbitrary element of SO (3). 

In order to determine the Maurer-Cartan forms, we would rather use 
the direct method, more details found in page 10 of [1]. 



Tlieorem 3. The independent Maurrer-Cartan 1— forms o/SGal(3) are 



Hi = da, 

/U2 = sin 62 d9i — dOs , 

/U3 = cos 62 cos 9s dOi — sin O3 d92 , 
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/X4 = COS 62 sin Osddi + cos 63 d92 , 

/tig = cos 61 COS 02 dwi — sin 0i cos 62 dv2 — sin O2 dvs , 

/U6 = ( cos Oi cos 02^1 — sin 9i cos 02'y2 — sin 02^3 ) ds 

— cos 01 cos 02 dyi + sin 9i cos 02 di/2 , 

— ( sin 61 sin 03 + cos 0i sin 02 cos 03) dt;i 

+ ( sin 01 sin 02 cos 03 — cos 0i sin 03^ dv2 — cos 02 cos 03 dv3 , 
( cos 01 sin 02 sin 03 — sin 0i cos 03) dvi 

— ( sin 01 sin 02 sin 03 + cos 0i cos 03 ) dv2 + cos 02 sin 03 dvs, 

= ^ (sin 01 sin 03 + COS 01 sin 02 cos 03) «i + (cos 01 sin 03 

— sin 01 sin 02 cos 03)u2 + cos 02 cos 03^3^ ds 



H7 = 



Ms = 



— ( cos 01 sin 02 cos 03 + sin 0i sin 03) dyi 

+ { — cos 01 sin 03 + sin 0i sin 02 cos 03) dy2 — cos 02 cos 03 dj 

= ^(sin 01 cos 03 — cos 0i sin 02 sin 03) vi + (cos 0i cos 03 

— sin 01 sin 02 sin 03)t;2 + cos 02 sin 03t;3^ ds 

— ( cos 01 sin 02 cos 03 + sin 0i sin 03) dyi 

+ ( sin 01 sin 02 cos 03 — cos 0i sin 03 ) dj/2 — cos 02 cos 03 dj/3 . 



Proof: Given g G SGal(3) and z G M**, we explicitly write the group 
transformation z = g • z in coordinate form: 

zi = H^{z,g) = t + s 
Z2 = H^{z,g) 

= vit+ (cos 02 cos 0i)xi + (cos 03 sin 0i — sin 03 sin 02 cos 0i)a;2 
+(sin 03 sin 0i + cos 03 sin 02 cos 0i)x3 + yi 
Z3 = H\z,g) 

= V2t— (cos02sin0i)a;i + (cos03cos0i + sin03 sin02 sin0i)x2 
+ (sin 03 cos 01 — cos 03 sin 02 sin 0i)a;3 + j/2 
^4 = H\z,g) 

= vst — sin 02X1 — (sin 03 cos 02)2:2 + (cos 03 cos 02)2:3 + ys. 

We then compute the differentials of the group transformations: 

4 10 

fc=i 3=1 
or more compactly 

dz = H^dz + Hg dg. (1) 
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Next, set dz = in (1), and solve the resulting system of linear equations 
for the differentials dzk- This leads to the formulae 

-dz = Fdg={H-^ -Hgjdg, 

or, in full detail, 

10 

= ^Fj=(z,5)d5^ i = l,.--,4. (2) 

Then, for each k and each fixed zq G M'*, the one- form /uq = X]^=i i^o, g) dg^ 
is a left-invariant Maurcr-Cartan form on the group SGal(3). Alterna- 
tively, if one expands the right hand side of (2) in power series in z, 

10 oo 

^Fj=(z,5)dff^' = 

j=l 1=0 

then each coefficient Hi also forms a left-invariant Maurer-Cartan form on 
SGal(3). □ 



3 Zero order moving coframes 

Throughout this paper, we remind you that SGal(3) is a 10— dimensional 
Lie group and M is a 4— dimensional manifold. 

Definition 4. A smooth map p'"^ : M SGal(3) is called a compati- 
ble lift with base point zo if it satisfies 

p^°\z).zo = z, zeM. 

Now, let p*-"^ : M SGal(3) be a compatible lift with base point 
Zo = [0, 0, 1]^ € IR.'*, then we have, s = t and y = x. Thus, 

Theorem 4. The most general zero order compatible lift has the form 

lot' 
V J? X . 
1. 

The next step is to characterize the group transformations by a col- 
lection of differential forms. In the finite-dimensional situation that we 
are currently considering, these will be obtained by pulling back the left- 
invariant Maurer-Cartan forms /i on SGal(3) to the order zero moving 
frame bundle Bo using the compatible lift. 

The resulting one- forms C^"' = P^°^*l^ will provide an invariant coframe 
on Bq, which wc name the moving coframe of the zero order. The mov- 
ing coframe forms (^'"•' clearly satisfy the same Maurer-Cartan structure 
equations. Thus 



p'°'(*,x;v,e) = 
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Theorem 5. The zero order moving co frame is 

= dt, 

^3°'' = COS 02 COS 63 d9i — sin O3 dO^, 

C.f^ = cos 02 sin OsdOi + cos O3 dO^ , 

c}^^ = cos ^1 cos 62 dvi — sin Oi cos 62 dv2 — sin 62 dvs, 

ijg°^ = ( cos 9i cos 62V1 — sin 61 cos ^2«2 — sin 02V3)) 

— cos 9i cos ^2 da;i + sin 61 cos 612 da;2, 
Cy"' = — ( sin^i sin^a + cos^i sin ^2 COS&3) dvi 

+ ( sin 9i sin ^2 cos 63 — cos ^1 sin ^3) d'i;2 — cos 02 cos 03 dv3 
Cs"^ — ( ^1 ^™ ^2 sin ^3 — sin 0\ cos ^3) dvi , 

— ( sin 01 sin 02 sin 63 + cos 0\ cos ^3) dv2 + cos 02 sin ^3 dw3 , 

Cg"'' = ^(sin 01 sin 03 + cos 0i sin 02 cos 63) vi + (cos 0\ sin ^3 

— sin 01 sin 6^2 cos 0:',)v2 + cos ^2 cos 6'3U3^ dt 

— ( cos 6^1 sin 02 cos 03 + sin 0i sin 03^ dxi 

+ ( — cos 01 sin 03 + sin 0i sin 02 cos 03) da;2 — cos 02 cos 03 da;3, 

Q'^q = ^(sin 01 cos 03 — cos 0i sin 02 sin 03) vi + (cos 0i cos 03 

— sin 01 sin 02 sin 03)ti2 + cos 02 sin 03 1)3^ dt 

— ( cos 01 sin 02 cos 03 + sin 0i sin 03) dxi 

+ ( sin 01 sin 02 cos 03 — cos 0i sin 03 ) da;2 — cos 02 cos 03 da;3 , 

which forms a basis for the space of one-forms on Bo = x Gi □ . 

4 First order moving coframes 

Definition 5. A motion is a curve coincides with the graph of a func- 
tion x = x(t) :M^R3. 

We restrict the moving coframe forms to the motion (curve), which 

amounts to replacing the differential dx by its "horizontal" component 
xt dt. If we interpret the derivative xt as a coordinate on the first jet 
space = J^{M};'M.^) = MJ of motions in M^, then the restriction of a 
differential form to the motion can be reinterpreted as the natural pro- 
jection of the one-form dx on to its horizontal component, using the 
canonical decomposition of differential forms on the jot space into hor- 
izontal and contact components. Indeed, the vertical component of the 
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form dx is the contact form dx — xtdt, which vanishes on all prolonged 
sections of the first jet bundle J^(]R^;]R^). Therefore, 

Theorem 6. The restricted (or horizontal) moving coframe forms are 
defined on 7 — dimensional manifold {J^x — {t,x{t),xt{t))} x Gi C J^Bo 
and explicitly given by r;'"-* = c^f for i = 1, 2, 3, 4, 5, 7, 8, and their linear 
dependencies are J^g"' — ji TyJ"' , r^g"-* = j2 j^J"' and jyjy^ — ri[°^ , where 

Ji = — cos 9i cos 92Vi + sin 9i cos 62 f 2 + sin 02^3 
+ cos 61 cos ^23; '1 + sin 61 cos 623:2 — sin 623:3, 

J2 = ( cos 9i sin 02 sin 63 — sin 9i cos 63) vi 

— ( cos 9i cos 63 + sin 9i sin 62 sin 63) V2 + cos 62 sin O3V3 

+ ( sin 61 cos 03 — cos 61 sin 02 sin 63) a:: '1 

+ ( sin^i sin 62 sin 63 + cos 61 cos 93^^X2 — cos 62 sin 633:3, 

J3 = — ( sin 9i sin 63 + cos 61 sin 02 cos 63) wi 

+ ( sin 9i sin 62 cos 63 — cos 61 sin 63) — cos 62 cos 63 V3 

+ ( sin 9i sin 63 + cos 9i sin 62 cos 63) a: '1 

+ ( cos6i sin 63 — sin 61 sin 62 cos 63)^2 + cos 62 cos 63X3. 

By assumptions Ji = J2 = J3 = 0, we have v = x*. Thus, 

Theorem 7. The first order compatible lift has the form: 

lot' 
Xt i? X . 
1. 

The resulting one-forms C^^^ = P^^^*H will provide an invariant coframe 

on Bi , which wc name the moving coframe of the first order. By substi- 
tuting the map p'^-* in and restricting to the first prolongation or jet 
of the motion, namely x = x(t) , xt = x'(t) we have. 



Theorem 8. The first order moving coframe is 





= dt, 








= sin 62 d9i — d93, 








= cos 62 cos 63 d9i — sin ( 


h d92, 






= cos 62 sin 63 d9i + cos ( 


hd92, 






= cos 01 COS 02 dx'i — sin 


9i cos 


92 da;2 ~ sin 02 dx'^, 




= ( cos 61 cos 62 3: '1 — sin 


9i cos 


%X2 — sin 623:3)) dt 



p(i'(t,x;xt,6) = 
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(1) _ 



— COS Oi cos 02dxi + sin 9i cos 62 dx2 , 
C^^^ = — ( sin 9i sin 63 + cos 0i sin O2 cos 63) da;'i 

+ ( sin 9i sin 02 cos ^3 — cos di sin ^3) da;2 — cos 02 cos ^3 

( cos 9i sin ^2 sin 63 — sin ^1 cos ^3) dx'i , 

— ( sin 9i sin ^2 sin 63 + cos ^1 cos ^3) dx'2 + cos 92 sin ^3 dss, 

Cg'^' = ^(sin 9i sin ^3 + cos 9i sin 62 cos ^3) x'l + (cos 9i sin ^3 

— sin 61 sin ^2 cos 03)a;2 + cos $2 cos ^32:3^ dt 

— ( cos 01 sin 02 cos 6*3 + sin 9i sin ^3) dxi 

+ ( — cos 9i sin 03 + sin 01 sin 02 cos 03 ) dx2 — cos 02 cos Osdxs, 

(^[q' = ^ (sin 01 cos 03 — COS 01 sin 02 sin 03) a; '1 + (cos 01 cos 03 

— sin 01 sin 02 sin 03)a::2 + cos 02 sin 03a::3^ dt 

— ( cos 01 sin 02 cos 03 + sin 0i sin 03) dxi 

+ ( sin 01 sin 02 cos 03 — cos 0i sin 03^ dx2 — cos 02 cos 03 dx:i, 

which is an invariant coframe on Bi = {(f,x,xt,0)} = J^(R;R^) x G3 = 
W X S0(3) □. 

5 Second order moving coframes 

By restricting to the second prolongation J^x x G3, which is a four 
dimensional manifold, we have 

Theorem 9. The restricted (or horizontal) moving coframe forms are 
explicitly given by 

vi'^ = dt, 

r)i^ = sin02d0i -d03, 

T]^^ = COS 02 cos 03 ii0i — sin 03 Ci02 , 

774"^^ = COS 02 sin 03 li0i + COS 03 Ci02, 

and their linear dependencies are, ri^^^ = Jiri[^\ r/i^^'' = J2ri[^\ rig^^ = 
J3ri[^^ , and ri^^ = r/g^ = 7)^^ = 0, where 

Ji = (cos 01 sin 02 sin 03 — sin 0i cos 03)x'i' 

— (sin 01 sin 02 sin 03 + cos 0i cos 03)x2 + cos 02 sin 03X3 , 

J2 = — (sin 01 sin 03 + cos 03 sin 02 cos 6i)Xi 

+(sin 01 sin 02 cos 03 — cos 0i sin 03)a;2 — cos 02 cos 03X3 , 
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Jz = — COS 02 COS 61X1 + COS 62 sin 61X2 + sin ^2X3 . 



If we assume (Ji, J2, J3) = (—0, 0, 0), where the length of acceleration 
||xtt|| is denoted by a , then we have i?xtt = (a, 0,0), and by simple 
computations, have 

^1 = — arctan ( ^ | and 62 = arcsin ( ..^^ ., ) . 

It can be also easily seen that a is an invariant. 

Now we choose a cross section K = {t = = 0,xt =0, ||xtt|| = 
a,9 = 0}. By recomputing the forms (^'^^ = p'-^'*/i, we have 



Theorem 10. The second order moving coframe is 
x'Wi dx'i x'ix'3 dx'i 



= dt, 



>(2) _ a;ia;3 sin 6I3 + ax'2 cos 6I3 „ X2x's sin ^3 + ox" cos 6*3 „ 
S3 — / „ =^ 1 „ = (1X2 



sin^a^xf +xf „ 
H 5 dxs , 

(2) _ X1X3 cos ^3 + 0X2 sin 6*3 „ X2 X3 cos 83 + ax'-[ sin ^3 „ 
S4 — — / , ; "^1 — / , ? "a;2 



, cos6'3Vxf+^ „ 
^ 5 ax3 , 

^(2) ^ (^3,'^ _ ^ ^j.'^ _ ^ dX3, 

a a a 

>(2) xix'i' + a;i,x!j' + xJix;/ x'/ 4' 4' 

Q = at axi (1X2 "X3, 

a, a a a 

A2) 0'X2 sin 63 — x'(x'i cos 83 , ax'i sin + X2X3 cos ^3 , 
G = — 0x1 — 0x2 

ai/rf + a^ a^Jxf +xf 



2 



l/xf +xf COSe3 , 
--^^ fflX3, 

a 

(2) _ ax'2' cos 6*3 — x'l'xs sin 83 , —ox'/ cos 6^3 + X2'x3' sin 63 

Cs — , o =f "a;i H . „ =f "X; 

av/xf+^ oVa^f + xf 

Jxf + xfsme3 , 

H 0x3, 

a 

I I n I ii\ fi / I I! a . I ff II , f ii2 I n2\ . n 
J2-) _ a(X2Xi -X1X2) C0S6>3-(X2X3X2 +X1X3X1 +X3X1 +X3X2 ) sm 6)3 , 

oa/x'/^ + xf 

ax'2 COS 03 + x'l'xs sin 63 , ox'/ cos ^3 — Xa'xi' sin 03 , 

H OXl 0X2 

a^^xf + xf a^xf + xf 
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■ dX3, 



a{x'2x"—x'iX'2)sm63 + {x'2x'3X2+x'iX3Xi+x'3Xi +x'3X2 )C0S^3 

a^yxf + xf 

ax'2 sin 03 — x'ix'i cos 63 , ax'i sin 63 + X2X3 cos 83 , 
H — aa;i — aa;2 



,//2 



■ (iX3. 



For any constant o > 0, t/iese forms serve as a coframe on 



B2 



= |(t,x,xt,xtt,6i) € M}° X SO(3) 

61 = - arctan ^^-^ , 62 = arcsin ( ||^^) > 11^** II = «} 



6 Third order moving coframes 

By restricting to the third prolongation J^B2 which is a 2-dimensional 
manifold, we have, 

Theorem 11. The restricted (or horizontal) moving coframe forms are 
explicitly given by jj^' = dt, 



(2) _ x'^{x[x'i - x'2xT) (2) 
~ aixf + xf) 



their linear dependencies in this step are = Ji??i , 774 = J2rl{ , 

(2) (2) J (2) (2) (2) (2) (2) „ „„ 

rjg ' = —aril m "Oi = = = Vio = 0> Where 

7 If/ (3) " (3) //N a 

Jl = \ a{x\ 'x2 - x\ ^a:i)cos6>3 

, // // (3) , (3) //^ // / ll2 , //2^ {3)\ . a \ 

+ \(xxx\' -\- x\' X2)X3 - {xx +X2 jXaj Sine's 

J2 = ^ — /nr/.rj^^To — rr^.r") sin ^3 

a^y^xf +xf l- 

+ [{xi^ +a;2'^)x3^' - {xixf^ + Xj^' 0:2)3:3) cos6'3|- 
If we assume Ji = 0, then we find that J2 = H^** x xttt|| 



03 = arctan 

thus. 



/ (3) /; (3) //N 
a(xl 'X2 — X\ 'Xx) 



f^l'^ _i_ ™//2\ (3) _ (1/ (3) , A3) ii\ II 

yj^i -r X2 }X3 yx^Xx X2 X2JX3 
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Theorem 12. The most general third order compatible lift has the form 



1 t 

„ xtt xtt xxttt xttX(xttXxttt) 

^* irar l|xttxx„t|| l|x„x(x„xxt„)ll ^ 

1 



Theorem 13. The third order moving coframe C'^^ = p'^'*A* 



^(3: 



'>10 



= dt. 



Xtt X Xttt 

a\\xtt X xtttll' 

Xtt ■ Xttt 



a||xtt X Xttt 

Xtt X (xtt X Xttt) 



a^'llxft X Xtttll 

-ixtt • dxf, 
a 

Xt • Xft ,,1 , 

at Xtt • ox, 

a a 



({xtt ■ Xttt) dxtt + a dxttt^ , 
(xif X Xttt) • dxtt, 
■ dxtt, 



Xtt X (Xff X Xttt) 

a\\xtt X Xtttll 

Xtt X Xttt 



■ dxt, 



■ dxt, 

\\Xtt X Xtttll 

Xt • (xtt X Xttt) 
||xtt X Xtttll 



Xtt X Xttt , 

dt + ■ ax, 



Xtt X Xttt 



(xt X Xtt) • (xtt X Xttt) 



Xtt X (xtt X Xttt) 



a||xtt X Xtttll o||xtt X Xtttll 

For any constant a> 0, these forms serve as a coframe on 



Bs = i^(t,x,xt,xtt,e) € X S0(3) 
Oi = — arctan y-jrj > ^2 
$3 = arctan 



dx. 



Xtt] 



Theorem 14. The restricted (or horizontal) moving coframe forms are 
explicitly given by r]^^ = dt, rj^^ = ^^"'^^^ ^^(3) ^ ^^(3) _ ^^(3) _ ^(3) _ 

(3) (3) (3) „ (3) (3)'* , (3) T (3) . j 

Vr = % = ^710 = 0; % = —C'Vi ! ona 772 = Jr}{ , where J = 
a((xtt X Xttt) • xtttt)/||xtt X Xtttll^- 
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Theorem 15. differential operator and the functions a\ = 

II xtt II, a2 = ||xtt X xtttll and as = (xtt x xttt) • Mut are differential invari- 
ants. 

7 Dimensional considerations 

In this section, we use the conventions of chapter 5 of [5]. 

If we use the coordinates (t, x,xt,xtt, ■ ' ' : x'-"') for J"(R; M'*), then the 
prolonged group action SGal(n) on J"(R;M^) can be written as i = t + s, 
5i= Rx + tv + y, xt = Rxt + v, and x^"^ = i?x<"' for n > 2. 

It is recommended that the dimension of J"(R;]R^) is p + g" = 3n + 4, 
and the dimension of SGal'"' is 10. 

Theorem 16. The following functions are differential invariants: 

1) I„ = ||x(">|| forn> 2, 

2) J„,m = x(") • x'"' forn>m>2. 

3) Kr,,m = ||x(") X x'"") \\forn>m> 2. 

4) Li,n,m = (x(') X x(")) • x^"") forl>n>m>2. 

Proof: U n,m > 2, then since x<"' = ijx*"', x'™' = TJx^™) and R € 
S0(3), therefore x'"> • x^"'' = x*"' • x*™'; hence /„,m is an invariant. 

By (1), (2) and formulas ||m x v\\^ = ||ii||^||u|P - (u • vf, we find that 
K„^rn ~ Inim — Jn.m IS an invariant. 

Since (wi x U2) ■ Ms = det(tti • Uj), then Li^„^rn is a function of Jn.m's, 
and this complete the proof. □ 

By usual computations, we find that the maximal dimension of pro- 
longed action arc: so = 4, si — 7, S2 — 9, Sn = 10 for n > 3. Therefore, 
the order of this group action is s = 3. 

Therefore, the in functionally independent differential invariants of 
order at most n arc: io = ii = 0, 12 = 1 and i„ = 3(n — 2) for n > 3. 

By the theorem 5.31 of [5], we have 

Theorem 17. The complete system of 3^'^ order differential invariants 
of special Galilean group action are ||xtt||, ||xttt || andx.tfXut- Locally, ev- 
ery 3 order differential invariant o/SGal(3) can be written as a function 
of these differential invariants. □ 

Corollary 1. ai = I2, 02 = J3,2, as = La,3,2/k1^2- ^ 

Theorem 18. Every differential invariant of special Galilean group 
action is a function of a = \\xtt\\, b = \\xttt\\ and their derivatives with 
respect to t. 

Proof: According to theorem 17, it is enough to show that xtt • xut can be 
written as a function of ||xtt|| and ||xttt||. But 7;^||xtt||^ = ^tt • ^ttt. O 
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8 {e}— structure 



The necessary condition for local special Galilean equivalence of two given 
motions is that the corresponding invariants are the same. These produce 
a large amount of necessary conditions. 

For sufficient condition of equivalence for coframes ( wc can rewrite 
two- forms d^i in terms of wedge products of the ^i's. This produces the 
structure functions. There are our original invariants, by differentiation 
from them we have derived invariants, now we can construct a large collec- 
tion of invariants, whose functional interrelationships provide a necessary 
condition for equivalence. It is time to continue by introducing structure 
invariants. This latter structure serves to define the components of the 
structure map. The s"* order classifying space and the fully regularity con- 
dition on s*^ order structure map leads us to the definition of s*'' order 
classifying manifold C^"^ due to chapter 8 in [5]. In view of the proposition 
8.11 in [5], necessary conditions for the (local) equivalence of coframes are 
that for each s > , their s"* order classifying manifolds are overlap. Now 
the fully regularity conditions provide that these necessary conditions are 
also sufficient. 
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